By constructing a nilpotent extended BRST operators that involves the N=2 global supersymmetry transformations of one chirality, we show that the standard N=2 off-shell Super Yang Mills Action can be represented as an exact BRST termsΨ, if the gauge fermion Ψ is allowed to depend on the inverse powers of supersymmetry ghosts. By using this nonanalytical structure of the gauge fermion (via inverse powers of supersymmetry ghosts), we give field redefinitions in terms of composite fields of supersymmetry ghosts and N=2 fields and we show that Witten's topological Yang Mills theory can be obtained from the ordinary Euclidean N=2 Super Yang Mills theory directly by using such field redefinitions. In other words, TYM theory is obtained as a change of variables (without twisting). As a consequence it is found that physical and topological interpretations of N=2 SYM are intertwined together due to the requirement of analyticity of global SUSY ghosts. Moreover, when after an instanton inspired truncation of the model is used, we show that the given field redefinitions yield the Baulieu-Singer formulation of Topological Yang Mills.
Introduction
N=2 super Yang -Mills (SYM) theory has been extensively studied these last years after the work of Seiberg and Witten [1] where a self consistent non-perturbative effective action was calculated by using certain ansätze dictated by physical intuitions. This solution is unique [2] .
After this seminal paper [1] one of the main area of research in N=2 SYM is to calculate directly the multi-instanton contributions to the holomorphic prepotential and consequently to check the correctness of the results of [1] . These multi-instanton contributions are calculated in a pioneering work [3] for one and two instantons by using a semi-classical expansion around approximate saddle points of the action [3] 1 . The results are found to be in agreement with the one of [1] . (For a self-contained review see Ref. [6] .) However a natural question was posed by several researchers: how it could be possible that an approximate approach gives an exact result and what was the mechanism behind [7] ?
In order to get answer to the above questions, in Ref. [8] the instanton calculus is performed in the framework of Topological Yang Mills (TYM) theory and it is found that the results are the same with that of traditional instanton calculus of [3] . As noted in [8] , the underlying fact of this result is, the action of TYM theory, which can be obtained as a twist of the ordinary N=2 SYM [9] , can be written as a BRST-exact term [10] and the functional integration over the antifields of the topological theory gives the same field configurations of the constrained instantons of the ordinary theory without any approximation. Therefore, the authors of Ref. [8] have noted that the twisting procedure can be thought as variable redefinitions in flat space time.
However, up to now no explicit variable redefinitions is given in order to obtain the topological theory. For instance, even if the twist can be considered as a linear change of variables, after twisting physical interpretation of some fields change, i.e. some become ghosts or anti-ghosts. The dimensions of the topological fields are also different then their untwisted counterparts.
Our main aim in this note, is to derive explicit field redefinitions in order to obtain the topological fields with correct dimensionality and ghost number.The strategy that we follow is to use the the extension of BRST formalism (also called BV or field-antifield formalism [14, 15] ) to include global supersymmetry (SUSY). [16, 17, 18] 2 . By using this formalism we show that N=2 SYM action can be written as an exact term and both of the formulations of TYM given by Witten [9] and Baulieu and Singer [10] can be obtained as a change of variables without twisting.
The paper is organized as follows: In Sec.II, we review briefly how to include SUSY in an extended BRST operator. Since the actions of SYM theories can be represented as chiral (or antichiral) multiple supervariations of lower dimensional gauge invariant field polynomials [11, 12] 3 , in Sec.III we construct a nilpotent extended BRST operators on the field space that 1 One instanton contribution is also calculated in [4, 5] . 2 Such an extension of BRST transformations that includes rigid symmetries is first introduced in [19] . The problem of how to extend the BRST formalism to include arbitrary global symmetries can be found in Ref. [20] . 3 For a similar approach of constructing N=1 globally and locally supersymmetric actions and also for the only contains the chiral part of the N=2 SUSY as a global symmetry in addition to gauge symmetries. It is then straightforward to find an expression as a gauge fermion of which the full off-shell N=2 action is its BRST (s) variation under some conditions in Minkowski space. In Sec. IV, we give Euclidean formulation of the result given in Sec.III in order to derive field redefinitions by comparing the Euclidean N=2 SYM action written as an exact term and the topological theory. We demonstrate explicitly that Wittens topological Yang-Mills theory can be obtained from the ordinary Euclidean N=2 SYM directly by using such field redefinitions. In Sec.V, by using an instanton inspired truncation of the model given by Zumino [25] , we also show how to obtain the approach of Baulieu-Singer of TYM with the help of field redefinitions. Finally, Sec.VI is devoted to concluding remarks.
N=SYM and Extended BRST transformations
N=2 SYM theory is a rather old and well studied theory. In this work we will study the off-shell formulation of the theory given in [26, 27] by using the conventions of [28] . The action of the theory is given in Minkowski space as
where the gauge field A µ and the scalar fields φ , φ † are singlets, the Weyl spinors λ iαλ iα are doublets and the auxiliary field D is a triplet under the SU(2) R symmetry group. These fields are members of N=2 vector multiplet V = (A µ , φ , φ † , λ iα ,λ iα , D) [26, 27] . The SU(2) R indices of the spinors are raised and lowered due to
where the antisymmetric tensor E ij is given as 4 ,
The extension of the BRST transformations with the global N=2 SUSY and translation symmetry is first given in Ref. [17] :
where s 0 is the ordinary BRST transformations, Q i ,Q i are chiral and antichiral parts of N=2 SUSY transformations and ξ iα ,ξ iα and η µ are the constant commuting chiral, antichiral SUSY ghosts and constant imaginary anticommuting translation ghost respectively. Note that the discussion of anomalies, see [13] . 4 Note that in our convention the E ij is different then the one, ǫ αβ , used for spinor indices parameters of the global transformations are promoted to the status of constant ghosts and their Grassmann parity are changed so that the extended transformation s is a homogeneous transformation.
The extended BRST transformations read on the elements of the N=2 vector multiplet as 5 ,
On the other hand, in order to get a nilpotent s,
Fadeev-Popov ghost field and the global ghosts are asked to transform as
Note that with the help of extra terms in sc, the characteristic complication that SUSY algebra is modified by field-dependent gauge transformations is solved, whereas the closure on translations disappeared due to inclusion of translation ghosts. We summarize the dimension, ghost number and the R-charges of the fields and ghosts in Table 1 . 
N=2 SYM action as an exact term
It is known from cohomological arguments that the actions of SYM theories can be represented as chiral (or antichiral) multiple supervariations of lower dimensional gauge invariant field polynomials [11, 12] . For instance, N=2 SYM action can be written as a fourfold chiral SUSY transformation of T rφ 2 in component formalism of SUSY.
On the other hand, from the definition of s it is still possible to derive another nilpotent operator by using a suitable filtration of global ghosts. We choose this filtration to be
so that the zeroth order in the above expansion is a operator that includes ordinary BRST and chiral SUSY on the space of the fields of the N=2 vector multiplet
that is also nilpotent,s
Thes transformation of the fields are now given as
Sinces contains gauge transformations and chiral SUSY and the action is gauge invariant, it is straightforward to assume that the action can be written also as ans exact term of a gauge invariant field polynomial which is independent of Fadeev-Popov ghost fields 6 ,
It is clear that Ψ, the so called gauge fermion in BV formalism, has negative ghost number, Gh(Ψ) = −1. However, since no fields with negative ghost number has been introduced and since we have chosen the gauge fermion to be free of Fadeev-Popov ghosts, the only way to assign a negative ghost number to Ψ is to choose Ψ to depend on the negative powers of the global SUSY ghosts. In other words, the action can be written as an exacts-term only if the extended BRST operators is defined on the space of field polynomials that are not necessarily analytic in constant ghosts.
Therefore a further assumption to assign a negative ghost number to Ψ is to choose a gauge fermion that has the following form:
where ψ α i is a dimension 7/2 fermion that is made from the fields of the N=2 vector multiplet. The most general such gauge fermion that is covariant in its Lorentz, spinor and SU(2) R indices is easy to find:
Here k's are constants. In order that thes variation of Ψ to be free of chiral ghosts after some algebra it is seen that constants k should be fixed and as a result
is found. This expression is exactly the action (1) of N=2 SYM theory with a topological term ǫ µνλρ F µν F λρ ,
where Υ is the complex coupling constant, Υ = i4π
One can argue that the action written in this form is obvious since the action can be obtained by applying all four supersymmetry transformations to the prepotential T rφ 2 . However, it has important consequences.
First of all, the operators is strictly nilpotent. It is a well known fact that the cohomology of the complete operator s, given in (4), is isomorphic to a subspace of the cohomology of s, sinces is obtained after using a suitable filtration of s (see for instance [24, 21] ). If the functional space is defined to be the polynomials of the fields that are not necessarily analytic in the constant ghosts ξ i , as it is shown above, the action belongs to the trivial cohomology of s and therefore to that of complete operator s. Second, the above given nonanalyticity argument plays an important role to obtain the topological Yang-Mills from Euclidean N=2 SYM by identifying the topological fields with certain functions of fields and SUSY ghosts of N=2 SYM (which are also partly nonanalytic ξ i 's). These points will be clarified in the next sections.
Euclidean N=2 SYM and TYM as a variable redefinition
As it is well known TYM theory can be obtained by twisting N=2 SYM theory in Euclidean space [9] . In summary twisting procedure is simply identifying the SU(2) R index i with the spinor index of one chirality i.e. α 7 and R-charges of the fields with ghost number. It is then possible to show that TYM action can be written as a BRST-exact term up to some field redefinitions [10] . Therefore TYM theory is called a topological theory of cohomological type and it is natural to look for an analogy between the results of previous section and TYM theory by rewriting the results of the previous section in Euclidean space.
However, before formulating the results of Sec.III in Euclidean space, we find it useful to clarify our approach to Euclidean N=2 SYM. First of all, obviously in Euclidean space the chiral and antichiral spinors are not related with each other. Nevertheless, it is still possible to find consistent reality conditions for the spinors of extended supersymmetry [30] . We will take these reality conditions in our conventions as,
On the other hand, since the spinors of different chirality are independent from each other and since supersymmetry is manifest, it is clear that one should also consider the complex scalar field φ and its hermitean conjugate φ † defined in Minkowski space as independent fields from each other in Euclidean space. Indeed, this somehow unusual treatmet appears naturally if one defines a continuous Wick rotations to Euclidean space [31] : pseudoscalar field B where φ = A + iB, goes over into iB E in Euclidean space i.e. Euclidean scalar fields become φ E = A E + B E and φ † E = A E − B E . By applying above mentioned continuous Wick rotation to N=2 SYM theory in Minkowski space one gets [31] the N=2 supersymmetric Euclidean theory that is constructed by Zumino [25] . Note that corresponding action in Euclidean space is hermitean. , 1) . We will also take the gauge field anti-hermitean rather then hermitean in order to follow the instanton literature 8 and to avoid confusion we will denote Euclidean scalar fields as M := φ E , N := φ † E . The Euclideans-transformations of the fields now read
For a detailed analysis of topological theories see for instance [29] . 8 We use the Euclidean conventions of Ref. [6] .
and consequently the gauge fermion (28) in Euclidean space is given as
The N=2 supersymmetric Euclidean action, that is constructed by Zumino [25] , can now be written as thes-variation of Ψ E ,
up to the topological term ǫ µνλρ F µν F λρ and the auxiliary term 1 2 D. D, since in our approach the inclusion of the auxiliary fields i.e. off-shell formulation is mandatory.
As noted before, the only way to write the action as as−exact term is to allow the gauge fermion to depend on the negative powers of SUSY ghost ξ i . In other wordss has to be defined on the space of field polynomials that are not necessarily analytic in these constant ghosts.
On the other hand, the above mentioned non-analyticity argument can be used to derive a relation between the above expressions and topological theory. Note that after twisting physical nature of some fields are interprated differently, i.e. some fields become ghosts while some others become anti-ghosts [9, 29] . We summarize the dimensions and ghost numbers of the topological fields (A µ , Φ,Φ, ψ µ , η, X µν , B µν ) in Table2. In order to get the topological fields that are given in Table2 that have the correct dimensions and ghost numbers we note that the SUSY ghosts ξ i have ghost number one and dimension 1/2. Therefore it is natural to think that the topological fields can be written as certain functions of ordinary N=2 fields and SUSY ghosts which are also partly non-analytic in these constant ghosts. These relations can be found by using the non-analytic structure of the gauge fermion Ψ E given in (40). The only consistent field redefinitions that assign the correct dimensionality and ghost number to the topological fields are found to be 9 ,
It is straightforward to show that when the above variable redefinitions are inserted in the ordinary Euclidean action (41) and in the transformations (33-39), the action and corresponding BRST transformations that are found, are exactly the TYM action of Witten [9] with an auxiliary term and the (extended) BRST transformations defined in TYM which contain the Witten's scalar SUSY . In other words, as mentioned by several authors (but not shown explicitly to our best knowledge), TYM theory in flat Euclidean space can be obtained directly as variable redefinitions from the ordinary N=2 SYM theory. As it is obvious from the above definitions of the topological fields, the ghost numbers and the dimensions that are assigned to the fields in the twisting procedure by hand, appears here naturally due to the composite structure of the topological fields in terms of global ghosts ξ i and the original fields i.e. with respect to the power of ξ i 's in the definitions.
To be clear, (and hoping not to be too tedious) we demonstrate the above points explicitly. By using the field redefinitions (33-39),s-transformations can be rewritten as 9 We have chosen the coefficients in the definitions of the topological fields in order to get the conventions of [29] . 10 Here we note that the derivation of the above results depends crucially on the commuting nature of the global ghost ξ i . For example it is easy to verify thats-transformation of λ i (34) decomposes into (52,53) by using ξ i e µν ξ i = 0 and
where
ǫ µνλρ F µν is the self-dual part of the field strength F µν . If one decomposes s on the fields (A µ , Φ,Φ, ψ µ , η, X µν ) ass
where s 0 is the ordinary BRST transformation, one can see that δ-transformations are exactly the same with the scalar supersymmetry transformations introduced by Witten [9] . Note that this scalar SUSY generator can also be written as a composite generator,
where Q i are the chiral SUSY generators.
In terms of topological fields given in (42-46), the gauge fermion (40) now reads as
and the corresponding action is found as
The above given action I top , is exactly the Topological Yang Mills action [9, 29] with an auxiliary field term. We remark once more that the inclusion of the auxiliary field is crucial in order to write the action as an exact term 11 .
We should stress here that above results do not mean that N=2 SYM is just a topological theory. It has its own physical degrees of freedom. However, it becomes a topological theory (of cohomological type) if the analyticity requirement of the SUSY ghosts is relaxed. This fact has also been pointed out in Ref.s [21, 22, 23] , for twisted N=2 SYM that the twist of the N=2 theory can be interpreted as a topological theory only if the analyticity is lost in (scalar) SUSY ghosts. Note that, in many cases the cohomology of s can be understood by studying a simpler operator that is found by using a suitable filtration of s [24] . In our case we takes as the filtered operator. The cohomology ofs is empty only if whens is allowed to act on the field polynomials that are not necessarily analytic in the parameters ξ i . Since the cohomology of complete operator s is isomorphic to a subspace of the filtrated operators [24] , the cohomology of s is also empty when the analyticity requirement is relaxed and the theory can be interprated as a topological theory.
Instantons and Baulieu-Singer approach to TYM
As it is well known, instantons are finite action solutions of the Euclidean field theories. Aiming to incorporate the instantons into supersymmetric theories Zumino have constructed a supersymmetric field theory directly in the Euclidean space [25] . This theory has N=2 supersymmetry with a hermitean action. (Recently, this theory has been derived by defining a continuous Wick rotation [31] and also by using dimensional reduction via time direction from six dimensional N=1SYM [30] .) It is observed by Zumino that when one imposes for instance an anti self-dual field strength,
with the following restrictions
the equations of motion from (41) reduce to a simple form [25] ,
These restrictions (59,60) and the equations (61-63) are covariant under the supersymmetry transformations found by applying the above restrictions [25] .
The equations (61-63) are also the ones whose solutions are used as approximate solutions of the saddle point equations in the context of constraint instanton method [3, 6] . On the other hand, similar equations are obtained in TYM without any approximation [8] from an action functional that can be written as a BRST transformation of a gauge fermion given by Baulieu-Singer [10] . Both of the approaches to the instanton calculations give the same result [8] .
Therefore, since Euclidean N=2 SYM action can be written as a BRST exact term (41) and Wittens TYM [9] can be obtained by using simple field redefinitions (42-46), we look for another analogy between the above instanton inspired truncation of Euclidean N=2 SYM theory and the Baulieu-Singer approach to TYM.
The first step towards for this purpose is to define a truncateds ,
ands
The reason why we do not set λ i = D = 0 in equations (69,70) is that the pairs (M, ξ i λ i ) and (ξ i τ j i λ j , D) behaves like the trivial pairs (or sometimes called BRST doublets) i.e. like (c, b) such that sc = b , sb = 0 where s is a nilpotent operator. It is known that the cohomology of an operator does not depend on inclusion of such trivial pairs (see for instance [15, 24] ).
It is straightforward to derive thats is also nilpotent
and after performing the field redefinition given in (42-46),s-transformations are found to be exactly that of Baulieu-Singer [10, 29] .
On the other hand the gauge fermion that is compatible with the restrictions of Zumino [25] has to be chosen slightly different then the one given for Euclidean case (40),
The reason of this modification becomes apparent when the corresponding action is driven,
where we have used the definition of B µν in order to have notational simplification.
First of all, the gauge fermion Ψ inst (72) and the above action I inst are exactly the ones given in Baulieu-Singer approach [10] up to ordinary gauge fixing 12 . It is straightforward to rewrite the above given gauge fermion Ψ inst. and the action I inst. by using the field redefinitions given in (42-46) in order to get the results of [10] . However, if the above relations are considered on their own, to be able to derive the instanton equations (61-63) from the action functional without having any dependence on the constant ghosts, the Euclidean Ψ E has to be modified. For instance when the restrictions of [25] are used the ξ i dependence that comes from thes variation of T rξ i λ i [M, N] cannot be eliminated. Therefore, the coefficient of this term has to be chosen to vanish. The coefficient of T rsξ i τ j i λ j . D can be left arbitrary since after performing the Gaussian integration over the auxiliary field B µν the action is
and Fadeev-Popov ghost field, c, independent part of the action is also SUSY ghost ξ i free. The form of the last term in Ψ inst is inspired from Ref. [8] in order to get a surface contribution, since
if the scalar field has non-trivial boundary conditions. Therefore, the gauge fermion Ψ inst is the only consistent choice up to total derivatives that gives the right action to derive the exact instanton equations, when the truncated transformations (65-71) are used.
On the other hand, the free parameter α can be thought as a gauge parameter, since it is so in Baulieu-Singer approach [10] . By choosing directly α = 0, the action (71) takes the form,
and by performing a functional integration over the fields λ i , M and B µν , the configurations of the constraint instanton method (61-63) are obtained without using any approximation procedure. In other words, as it is demonstrated above, Baulieu-Singer approach can also be obtained by using field redefinitions given in (42-46) when an instanton inspired truncation (59,60) of the Euclidean model is used.
Conclusion and discussion
In this note, we have shown how to write the off-shell N=2 SYM action as an exact term by using a nilpotent extended BRST operators that includes supersymmetry transformations of one chirality. The corresponding gauge fixing fermion is found to be nonanalytic in global SUSY ghosts. In other words it is shown that the action belongs to trivial cohomology of the extended BRST operators, if this operator is allowed to act on the field polynomials that are not necessarily analytic in these global ghosts.
Due to this nonanalytical structure, we have found field redefinitions such that Witten's TYM theory [9] can be obtained from the Euclidean N=2 SYM by identifying the fields of TYM with composite fields of N=2 vector multiplet and the chiral SUSY ghosts ξ i in Euclidean space. These field redefinitions are also partly non-analytic in global SUSY ghosts. The ghost numbers and the dimensions of the topological fields, that are assigned by hand when it is formulated by twisting, appear in our approach naturally according to this composite structure. In other words, we have shown explicitly that TYM theory can be found from N=2 SYM exactly as a change of variables (i.e without twisting).
The above mentioned analyticity requirement also plays a decisive role to understand when N=2 SYM can be interprated as a topological theory. Note that, the topological theory is obtained via change of variables only when the requirement of analyticity of the constant ghosts ξ i is relaxed. Therefore physical and topological interpretations of N=2 SYM are intertwined together. However, in order to have a better understanding of implications of the results presented above, it would be intresting to investigate the perturbative regime of the theory by using the standard techniques of algebraic renormalization framework [24] .
On the other hand, when the restrictions on the fields in order to get supersymmetric instanton configurations [25] are used, we show that with the help of a truncated BRST operator s, an action can be written as ans-exact term. After using the given variable redefinitions, it is seen that this formulation is exactly TYM theory in the approach of Baulieu-Singer [10] . The instanton equations, that are used in the traditional instanton computations [3, 6] can be derived from this action (73) without using any approximation. Moreover, it is known that the Witten's action [9] can be obtained from the one given in Baulieu-Singer approach by a continuous deformation of the gauge fixing [10] . As a consequence a similar relation also occurs between Euclidean N=2 SYM action (41) and the truncated (instanton) action (73) since both of the formulations of TYM can be obtained by using the variable redefinitions.
Finally, it is worthwhile to mention that the instanton calculations performed in BaulieuSinger approach of TYM [8] gives exactly the same result with the one performed in N=2 SYM [3, 6] . Since both N=2 SYM and TYM theories are shown to be equivalent by simple variable redefinitions, it would also be intresting to reinvestigate the equivalence of the instanton calculations of N=2 SYM and TYM and to find out whether the instantons localize in the topological sector of the theory where the functional space of field polynomials is not necessarily analytic in global SUSY ghosts or not.
